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Dimension Integration: Testing Models without Trade-offs

Michael H. Birnbaum and Adam R. LaCroix

California State University, Fullerton

Abstract

This paper tests a behavioral property called dimension integration.  The test evaluates models, like the priority heuristic and lexicographic semi-orders, which assume that a person uses only one dimension at a time.  It provides a way to compare such models against those that assume a person combines information from different dimensions.  The test also allows one to test the hypothesis that different people use different lexicographic semi-orders with different threshold parameters.  In addition, by use of a “true and error” model, it is possible to “correct” for unreliability of choice in order to estimate the proportions of participants who show different response patterns that can be classified as integrative or not integrative.  An experiment with 260 participants was conducted in which people made choices between two-branch gambles.  The experimental results violate the priority heuristic and six lexicographic semi-orders.  The data also refute the theory that people use a mixture of these lexicographic semi-orders.  Finally, they show that most individuals show patterns consistent with the hypothesis that they combine information between dimensions.

Theories intended to describe decision making under risk and uncertainty can be divided into those that postulate integration of information from different dimensions and those that assume that people only use one dimension at a time in making a decision.  The family of integrative models includes expected utility theory (EU), cumulative prospect theory (CPT), transfer of attention exchange (TAX), gains decomposition utility (GDU), and many others (Birnbaum, 2005; Luce, 2000; Luce & Marley, 2005; Tversky & Kahneman, 1992).  Non-integrative models include lexicographic semi-orders, the priority heuristic, and single-dimension heuristics (Tversky, 1969; Brandstätter, Gigerenzer, & Hertwig, 2006).  Although the stochastic difference model (González-Vallejo, 2002) and other additive difference models have some similarities to the LS models and to the priority heuristic (they can violate transitivity), the stochastic difference model assumes dimension integration.

Brandstätter, et al. (2006) reviewed a number of studies of decision making and argued that their priority heuristic provides a superior description of previously published decision making data than do integrative models. The data that were analyzed by Brandstätter, et al (2005) were drawn mostly from studies that were designed to test between integrative models. None of the studies that they analyzed were designed to test the priority heuristic, so it would seem useful to test implications of the priority heuristic to see if it is indeed an accurate descriptive model.

This paper follows up a test of dimension integration that to our knowledge been used only once before (Birnbaum, submitted); this test allows one to determine whether people combine information and make trade-offs or if they instead use one piece of information at a time.  Dimension integration provides a direct test between the family of non-integrative models and the integrative models.

The test of dimension integration allows us to test a more general family of theories as well as the priority heuristic. It allows for the possibilities that different people might use different lexicographic semi-orders, in which they examine dimensions in different orders, and that they might use different parameters.  Tests of dimension integration also allow us to investigate whether people might use a mixture of lexicographic heuristic strategies with different parameters.  

Brandstätter, et al. (2006) considered the possibility of such extensions, but they restricted their attention to a single order and fixed the parameters of their theory.  The tests of integration in this paper allow one to test a much wider family of models than was evaluated by Brandstätter, et al. (2006).  In addition, whereas Brandstätter, et al. (2006) proposed to describe only majority data, we can assess individual differences and estimate the percentage of individual participants who show different patterns of behavior that are consistent with or violate the family of non-integrative models.

Priority Heuristic


Consider choices between pairs of gambles of the form, 
[image: image1.wmf], which represents a gamble with a probability of p to win cash prize x and otherwise to win y, and 
[image: image2.wmf], where 
[image: image3.wmf] and 
[image: image4.wmf].  According to the priority heuristic (PH), people first compare the lowest consequences in the two gambles.  If the absolute difference between them exceeds or equals a rounded 10% of the largest prize in either gamble, then the person chooses the gamble with the greater minimal prize. Only if the difference is less than (rounded) 10% of the maximal consequence, do people go on to examine probabilities.  If the probabilities differ by 0.1 or more, they choose the gamble with the lower probability of receiving the minimal prize (in two branch gambles, this is equivalent to choosing the gamble with the higher probability to win the better prize).  If the difference in probability is less than 0.1, then the gamble with the higher maximal prize is chosen.  For gambles with a greater number of branches, the priority heuristic assumes that people use only four dimensions: lowest consequence, probability to receive the lowest consequence, highest consequence, and probability to win the highest consequence (in that order, respectively).


Although the title of Brandstätter, et al (2006) describes “choices without trade-offs”, the priority heuristic model does involve a trade-off between the difference in minimal values and the highest prize in either gamble.  Aside from this trade-off, however, a decision is made for one reason only and involves no integration of information between dimensions.  In an experiment in which the highest consequence is held constant, this trade-off drops out, and the priority heuristic is a type of Lexicographic Semi-order (LS), described next.  

Lexicographic Semi-orders


Luce (1956) proposed a semi-order representation to describe preference behavior in which items that differ by small increments in utility are treated as indifferent.  In such a representation, the indifference relation is not transitive.  That is, A might be indifferent to B, B might be indifferent to C, and yet A might be preferred to C.  For example, imagine a series of gold coins in which each adjacent pair of coins differs by the weight of one atom of gold.  Because the weight of one atom is less than the resolution of most scales, people would evaluate any two adjacent coins in the series as equivalent.  However, for some integer, n, the difference in weight between the first coin and the nth would be noticeable.

A lexicographic order is illustrated by the task of putting a list of words in alphabetic order.  The first letter is checked and if that letter is different, the two names are ranked based on that letter alone (and subsequent letters have no effect).  However, when the first letter is the same in two names, one checks the second letter; and only if the second letters are also identical is there a need to go on to check the third, and so on.

Tversky (1969) noted that preference can be intransitive in a lexicographic semi-order (LS).  In a lexicographic semi-order, a person compares one dimension at a time and makes a decision based on that dimension only.  Only if the difference in the first dimension is small, then the second dimension is checked, and so on.  

When comparing two-branch gambles of the form, 
[image: image5.wmf], which represents a gamble with a probability of p to win cash prize x and otherwise to win y, and 
[image: image6.wmf], where 
[image: image7.wmf] and 
[image: image8.wmf], there are three dimensions that could be examined: the lowest consequence, the probability to win, and the highest consequence.  Suppose a person compares first the lowest consequences in the gambles, then the probabilities, and finally the highest consequences in a gamble.  That strategy, defined more precisely below, will be denoted the Low-Probability-High Lexicographic Semiorder (LPH LS):

If (
[image: image9.wmf]) {choose G}

else if (
[image: image10.wmf]) {choose F}

else if (
[image: image11.wmf]) {choose G}

else if (
[image: image12.wmf]) {choose F}

else if (
[image: image13.wmf]) {choose G}

else if (
[image: image14.wmf]) {choose F}

else {choose randomly}






(1)

There are two parameters, 
[image: image15.wmf] and 
[image: image16.wmf], which represent the indifference thresholds for the lowest prize and probability, respectively.  When gambles involve three or more branches, new parameters can be introduced for the thresholds on the additional dimensions added. 

This LPH LS process is the same as the priority heuristic (PH), except that the priority heuristic assumes that 
[image: image17.wmf] = 
[image: image18.wmf], and 
[image: image19.wmf] = 0.1. If a study involved all gambles with highest prizes of $100, then the priority heuristic model would be a special case of this LPH LS model where 
[image: image20.wmf] and 
[image: image21.wmf] = 0.1.

There are five other LS models, each with two parameters: LHP, PLH, PHL, HPL, HLP, which differ only in the order in which the dimensions are considered.  For example, the PHL LS model assumes that people first compare probabilities, which if they differ by less than 
[image: image22.wmf] cause the person to check the highest outcomes, which are decisive only if the difference is greater than or equal 
[image: image23.wmf]; otherwise, the person bases the decision on the lowest consequences.

All six of these LS models imply that no two dimensions should show dimension integration.  There are three possible pairs of two dimensions: Lowest prize and highest prize, lowest prize and probability, and highest prize and probability.  All six models imply no dimension integration in any of these three types of pair-wise tests.  Birnbaum (submitted, Study 3) found evidence of dimension integration, which violates the priority heuristic.  However, in one of his tests, it appeared that a substantial number of individuals might be consistent with various lexicographic semi-order models.  

This study probes that case more deeply.  In Birnbaum’s (submitted) study, there were 92 people (out of 242) whose data showed integration of dimensions, but there were 80 who showed a response pattern compatible with three of the lexicographic semi-orders, 25 who were consistent with predictions of the priority heuristic, and another 13 who were consistent with other lexicographic models.  This study improves on Birnbaum’s in its selection of levels and in its use of replicated tests, which allows us to distinguish if response patterns are due to “error” or “true” intention.

Test of Dimension Integration

Consider the series of four choices in Table 1, which tests integration of the lowest and highest consequences of a gamble. In this test, all gambles are 50-50 gambles and the second gamble (the “safe” gamble, S) is always the same.  According to the priority heuristic model of Brandstätter, et al. (2006), the majority should prefer the second, “safe” gamble in all four choices because its lowest consequence is always at least $20 higher than the lowest consequence in the first, “risky” gamble, and this always exceeds 10% of the highest consequence.  However, in Choice 4, only 27% of 260 people preferred the “safe” gamble, and this is significantly less than half, contrary to the priority heuristic.

Insert Table 1 about here.
According to integrative models like the TAX model, consequences within a gamble are aggregated.  Thus, a $10 difference in the highest consequence fails to outweigh a $20 difference in the lowest consequence in Choice 2; and a $45 difference in the highest consequence in Choice 3 does not overcome a $50 difference in the lowest consequence. However, their combination is predicted to produce a preference for the risky gamble in Choice 4. This pattern is also compatible with many other integrative models, including expected utility.


Table 1 shows predicted preferences for six LS models made from two orders of considering the two dimensions that are manipulated (lower and higher prizes) with three assumptions about the difference threshold parameters.  Predicted preference for the safe gamble is indicated by “1” in Table 1; predicted preference for the risky gamble is indicated by “0.”  For example, a person who considered the lowest consequence first would always choose the “safe” gamble if 
[image: image24.wmf], since the “safe” gamble always has a lowest outcome that is at least $20 higher than the lowest consequence in the “risky” gamble.  This model is labeled LH1 in Table 1.  However, if 
[image: image25.wmf] (LH2), then this person would choose the “safe” gamble in Choices 1 and 3, but choose the “risky” gamble in the other two choices. If 
[image: image26.wmf], the person would always choose the “risky” gamble, which always has the higher best consequence (LH3).    

Similarly, if a person started with the highest consequence and if 
[image: image27.wmf], then that person would also always choose the “risky” gamble (HL1). If 
[image: image28.wmf], as in HL2, that person would choose the risky gamble on Choices 1 and 2 and the safe gamble on Choices 3 and 4 in Table 1.  Finally, HL3 assumes that a person starts with the highest consequence but 
[image: image29.wmf] > $45; in this case, the person would always choose the “safe” gamble. Table 1 shows that of these six possible lexicographic semi-orders for this situation, none of them produces the integrative pattern of preferences predicted by TAX.

The choice percentages in Table 1 display results of an experiment described below with 260 participants.  The majority choice percentages agree with the TAX model and do not agree with any of the LS models in Table 1. But is it possible that the results reflect a mixture of LS strategies?

The LS Mixture Model


Consider the possibilities that (a) different people might employ different versions of these LS models, or that (b) the same individual might alternate among the different variations of the LS model.  For example, a person might start with the lowest prize on one trial and then start with the highest prize on another trial.  On one trial a person might use one value for 
[image: image30.wmf] and use another value on another trial.  But suppose that on any single occasion, people use one of the six LS strategies listed in Table 1.  Let a = the probability of using either LH1 or HL3 (always choosing the “safe” gamble); let b = the probability of using model LH2, and let c = the probability of using model HL2.  According to this LS mixture model, the probabilities of choosing the “safe” gamble in Choices 1, 2, 3, and 4 are 
[image: image31.wmf], 
[image: image32.wmf], 
[image: image33.wmf], and 
[image: image34.wmf], respectively.  There are four empirical proportions and three unknowns.  We can estimate the three parameters from Choices 1, 2, and 3, and use them to predict the actual choice proportion for Choice 4.  That comparison provides a test of the LS mixture model.

In Table 4, the difference between the first two empirical choice proportions gives 
[image: image35.wmf], the difference between first and third gives, 
[image: image36.wmf]; therefore, we can subtract these two estimates from Choice 1, yielding 
[image: image37.wmf], which can be compared with the observed proportion in Choice 4, which should be the same.  In contrast, however, the observed proportion is 0.27, which is significantly less than 0.56.  This result indicates that we cannot represent the choice proportions in Table 1 as a mixture of LS models. 

Individual Differences and Error Theory


Now suppose that each person has a different “true” pattern that might be one of the LS patterns, or the pattern predicted by TAX, or indeed any of the 16 patterns that are possible with 4 choices (
[image: image38.wmf]).  Suppose also that when presented with the same (or nearly identical) choices, the person has the same “true” pattern of preferences, but may have an “error” in evaluating his or her true preference on some trials.  Perhaps some choices are “easier” than others; in which case, the rate of “error” is lower for those choices.  This error model is like that of Sopher and Gigliotti (1993), with improvements by Birnbaum (2004b) and Birnbaum and Bahra (in press).


We can estimate error rates in this model from reversals of preference between repeated presentations.  For example, consider Choice 1 in Table 1.  Let p = the probability that a person truly prefers the “safe” gamble in this choice, and e = the probability that a person makes an error.  It is assumed that 
[image: image39.wmf].  The probability of choosing the “safe” alternative on both repetitions is given as follows:


[image: image40.wmf]




(2)

In this case, the person who “truly” prefers S has correctly reported the preference twice and the person who truly prefers R has made two errors.  The probability that a person reverses preference from R to S is given as follows:




[image: image41.wmf]



(3)

The probability that a person shows the opposite reversal of preference, 
[image: image42.wmf], is also 
[image: image43.wmf], so the probability of either type of preference reversals is 
[image: image44.wmf].  If we observe 32% preference reversals, for example, we estimate that the error rate, 
[image: image45.wmf], because 
[image: image46.wmf].  Similarly, if we observed 
[image: image47.wmf] and 
[image: image48.wmf], we would estimate that the true probability of preference is 1, because 
[image: image49.wmf].  Except in such limiting cases where everyone has the same preferences, we do not expect independence to hold because different people will have different true preference patterns.  These calculations are analogous to the “correction for attenuation” in test theory. This model is similar to that described in Birnbaum (2004, Appendix); we extend this model below to the replicated test of dimension integration with four choices, where each of the four choices is allowed to have a different “error” rate.

For the test of dimension integration, the formulas must be expanded to account for patterns of four choices.  This expansion, presented in the results section, allows one to estimate the “true” probability of each of the 16 possible choice patterns in this test. This allows us to estimate the proportion of people who show patterns compatible with or in violation of the patterns predicted by different models (as in Table 1).

Method

Participants viewed choices between gambles via the Internet. They were told that each gamble consisted of a container holding exactly 100 tickets with different values printed on them, and a randomly drawn ticket would determine the gamble’s prize. Each choice appeared as in the following example:

1. Which do you choose?

          A: 50 tickets to win $100

             50 tickets to win $0

      OR

          B: 50 tickets to win $35

             50 tickets to win $25
Participants clicked a button beside the gamble they would rather play in each choice. Instructions are available from the following URL:

http://psych.fullerton.edu/mbirnbaum/psych466/exps/gls_2-branch.htm
Replicated Lower by Upper Consequence


This study was linked along with a list of similar studies of judgment and decision making at a Web site.  This study consisted of 23 choices between 50-50 gambles, which can be viewed at the following URL:

http://psych.fullerton.edu/mbirnbaum/psych466/exps/ph_lh_adl.htm
There were two series of four choices each (Series A and B), where each choice was replicated in a slightly altered version and with positions of “safe” and “risky” gambles counterbalanced.  These are shown in Tables 2 and 3.

Insert Tables 2 and 3 about here.
In addition, there were six filler choices, designed to test a specific prediction of intransitivity with replication. These will be described in the discussion section. 

There were 260 college undergraduates, enrolled in lower division psychology, who completed all choices.  Of the 260, 61% were female and 92% were 22 years of age or younger.

Results


The priority heuristic of Brandstätter, et al. (2006) implies that the percentage choosing the “safe” gamble (%S) in Tables 2 and 3 should be greater than 50% in all four rows.  Instead, Tables 2 and 3 show that the majority responses conform to the pattern predicted by integrative models such as TAX and EU.  The first three percentages (92%, 85%, and 76%) in Table 2 are significantly greater than 50% and the fourth (23%) is significantly less than 50%.  (For n = 260, percentages outside the interval from 44% to 56% fall outside a 95% confidence interval and are “significantly different” from 50%).  The same result was observed four times (two replicates each of the tests in Tables 2 and 3) and it was significant in all four cases. 


The choice percentages in both tables violate the LS mixture model that allows people to switch from one Lexicographic order to another or to use different parameter values on different trials.  In Table 2, the estimated parameters are 
[image: image50.wmf] 11%, 
[image: image51.wmf] 13%, so from the first three percentages, we have 
[image: image52.wmf] 69%, which should equal the choice percentage in the fourth row of Table 2.  Instead the observed choice percentage in the fourth row of Table 2 is only 19%, significantly less than 50%.  The figures for Table 3 are similar: based on the first three percentages, the estimates are 
[image: image53.wmf] 15%, 
[image: image54.wmf] 18%, so the first three percentages, imply 
[image: image55.wmf] 57%.  The observed percentage in the fourth row is only 29%, significantly less than 50%.


When we “correct” the estimated choice proportions unreliability, according to the “true and error” model, the estimated “true” percentages in the four rows of Table 2 are 97, 96, 88, and 07, respectively. With this correction, estimates are 
[image: image56.wmf] 2%, 
[image: image57.wmf] 9%, so the first three corrected percentages, imply 
[image: image58.wmf] 86%, which is far from the corrected observed percentage of 7%. Similar results are observed in Table 3, where corrected estimates are  
[image: image59.wmf] 9%, 
[image: image60.wmf] 15%, so the 
[image: image61.wmf] 70%, which is also far from the observed valued of 17%.  Thus, the mixed LS model cannot account for either the observed choice proportions or for the corrected ones.

True and Error Model: Individual Differences


The frequencies of each response pattern for choices in Tables 2 and 3 have been tabulated in Tables 4 and 5, respectively.  The pattern 0000 in the first row of Table 4 indicates preference for the “risky” gamble in Choices 19, 23, 9, and 5, respectively.  The entry of 1 in the column labeled “Rep_1” shows that only one person showed this response pattern. Responses to Choices #20, 13, 16, and 12 (which had “risky” and “safe” gambles in opposite positions and used nearly identical values) are treated as a replication of #19, 23, 9, and 5, respectively.  These are labeled “Rep_2” in Table 4.  The entry shows that 6 people showed this pattern on these four trials.  The 1 in the column labeled “Both” indicates that one person showed this pattern on all eight of these choices in Series A. 

Insert Tables 4 and 5 about here.

The model of Brandstätter, et al. (2005) implies that people should show the pattern 1111.  Table 4 shows that 24 people showed this pattern on the first replication of four choices of Table 2, 43 showed this pattern on the second replication four choices in Table 2 (reflected), but only 9 people showed the same pattern on both sets of four choices.  The priority heuristic does not predict the pattern 1110, which is implied by integrative models, such as TAX as fit to previous data.  Here we find that 149 and 132 people showed the 1110 pattern on the first and second sets (Rep 1 and Rep 2, respectively), including 98 who showed 1110 on both sets.  Similar results are shown for Series B in Table 5, where 97 and 98 people show the pattern violating priority heuristic, including 52 who showed it on Choices #11, 22, 7, and 4 and on Choices 15, 17, 2, and 18, suitably reflected. Indeed, this pattern violating the priority heuristic was the most frequent pattern for individuals in all four sets of choices.

To estimate the proportion of individuals who show each choice pattern, we can extend the “true and error” model to a study with four choices and two replications.  The probability that a person who “truly” has the pattern predicted by the priority heuristic (1111) will show instead the pattern predicted by TAX (1110) on four choices is given as follows:


[image: image62.wmf]



(4)

Given that the true pattern is 1111, this person has correctly reported his or her preference on the first three choices and made an error on the fourth choice.  The probability that a person will show this same pattern on two replications of the four choices, given her or his true pattern is 1111 is as follows:




[image: image63.wmf]


(5)

Here a person has reported six preferences correctly and made two errors on the fourth choice.  The probability that a person exhibits the preference pattern 1110 on one replication is the sum of 16 terms as follows:


[image: image64.wmf] 



(6)

where 
[image: image65.wmf] is the probability of showing the 1110 pattern given the “true” pattern is 
[image: image66.wmf] where 
[image: image67.wmf], and 
[image: image68.wmf] are the probabilities that 
[image: image69.wmf] is the “true” pattern.  There are sixteen equations for the sixteen possible response patterns. Four of these 16 preference patterns are compatible with LS models, 1111, 1010, 1100, and 0000 (See Table 1).

With two replications of the four choices in Table 1, there are 256 response patterns with 256 equations.  This model has been fit to the data, which allows us to estimate the rates of “errors” on the four choices, and the “true” probabilities of the 16 possible patterns.  The six LS models in Table 1 permit only four “true” response patterns (0000, 1010, 1100, and 1111).  All other sequences should have zero probability, including the pattern predicted by the TAX model with its parameters estimated from previous data (1110). 


This “true and error” model was fit to the frequencies in Table 4 to minimize the 
[image: image70.wmf] between predicted and obtained frequencies of each response pattern. In the most general version of the model fit to the data, there are sixteen “true” probabilities and four “error” probabilities to estimate.  These are estimated from the 16 frequencies of each pattern on both replicates and the 16 average frequencies of each pattern on either the first or second replicate but not both.  These 32 mutually exclusive frequencies sum to the total number of participants.


The columns labeled “estimated probability” in Tables 4 and 5 show the best-fit estimates for Series A and B, respectively.  The error rates for the choices are shown in the notes to the tables.  The fit of the general model in Tables 4 and 5 yielded 
[image: image71.wmf] = 20.1 and 15.4, respectively.  Neither is significant (with ( = 0.05), suggesting that the general model can be retained as a description in both Series A and B.


The class of LS models was tested by fitting a special case of the general true and error model, with the restriction that the “true” probability of the 1110 pattern (which violates all six LS models) is 0, but all other parameters are free.  These solutions yield 
[image: image72.wmf] = 199.1 and 73.6, with differences of 
[image: image73.wmf] = 179.0 and 58.2, which are significant and quite large (the critical value of 
[image: image74.wmf] = 3.84 for p < .05).  Therefore, we can reject the hypothesis that priority heuristic model or any combination of the six LS models is descriptive of the data of either Series A or B.  

Models with fewer parameters than the general model, which allows all response patterns, are compatible with the data.  For example, the assumption that only the 0000, 1111, and 1110 patterns have probabilities greater than zero fits the data of Series A (Table 4 ) with 
[image: image75.wmf] = 30.1, an acceptable fit. For this solution, the best-fit estimate is that 86% of the participants had 1110 as their “true” pattern. For Series B, assuming that 0000, 1100, 1111 and 1110 were the only real patterns, the model yielded, 
[image: image76.wmf] = 28.1, with 53% estimated to have the 1110 pattern as their “true” pattern.  In sum, data from both tests indicate that most people show evidence of integration, contrary to all LS models and contrary to priority heuristic.  Instead, most people show the pattern predicted by TAX with its prior parameters.  This pattern is compatible with other integrative models as well.

Discussion


These results give clear answers to five empirical questions: First, the majority data are not consistent with the priority heuristic, which implies that the majority should have chosen the “safe” gamble in all four rows of Tables 2 and 3.  

Second, the majority data are not consistent with any of six possible LS models (Table 1).  This means that we can reject all six LS models with any order of considering the dimensions and with any threshold parameters.  

Third, we can reject the hypothesis that the data are produced by people shifting randomly among a mixture of six different LS models from trial to trial.  

Fourth, we can reject the hypothesis that most people do not integrate information in favor of the hypothesis that the majority of individuals in this study did integrate the information.  

Fifth, if some people are using the LS models or the priority heuristic, there are not very many of them.  For example, in Table 4, the “true and error” model indicates that 6% of the participants had SSSS as their “true” pattern.  This pattern is consistent with priority heuristic.  It is consistent as well with other models, including integrative models.  If we suppose that all of these people used priority heuristic, we estimate that at most 6% of participants used this strategy.  Summing over all patterns compatible with LS models, perhaps as much as 15% of the sample used a lexicographic semi-order. 


Can we revise the priority heuristic model to give a better account of these data?  Brandstätter et al. (2006) suggested that the priority heuristic model might be extended to include the hypothesis that the first reason considered is expected value (EV). According to this revised model, if one alternative yields an EV twice as great as the other or more, people choose the gamble with the higher EV.  Only if the EVs differ by less than a factor of 2 do they employ the priority heuristic as described here.  

The computation of EV involves integration of probabilities and prize values, which would allow this EV model to account for evidence of dimension integration for any pair of dimensions. However, the choices used in Series A and B differ by less than a factor of 2 on the crucial trials where the priority heuristic goes wrong.  In Series A, Choice 5 the expected values are $60 and $50 and yet people violate the priority heuristic.  In Choice 4 of Series B, EV = $62.5 and $50. These differ by only 20% and 25% in EV, respectively (the choices in the counterbalanced replicate versions were similar).  Thus, we can reject the more complex extension of priority heuristic that allows EV as the dimension with highest priority, as long as the threshold for EV is assumed to be greater than 25%. 


A second way to revise priority heuristic to account for evidence of trade-offs, as in Tables 2 and 3 would be to extend the approach of González-Vallejo (2002) and incorporate that into the priority heuristic.  In her approach, the difference along a given dimension is compared to the maximum value of that dimension within a choice.  She used an additive difference model, which is integrative across all pairs of dimensions.  Like the priority heuristic, her additive difference model is not transitive. Brandstätter et al. (2006) compare the difference in lowest outcomes to the largest outcome in either gamble (which they treat as an aspiration level defined on a choice), but otherwise do not adopt her integrative model.  

A third way to modify the priority heuristic would be to assume that the parameters change for each new set of choice problems.  Note that the ratio of the difference between the two lowest consequences to the maximum consequence in either gamble is 0.98, 0.20, 0.62, 0.12 in Series A, and 0.83, 0.33, 0.53, and 0.21 in Series B.  We cannot set a single parameter, 
[image: image77.wmf], such that 
[image: image78.wmf] to account for the reversals.  However, if we allow that different 
[image: image79.wmf] should be permitted in Tables A and B, we could account for the data if we assumed that 
[image: image80.wmf] for Table A and 
[image: image81.wmf] in Table B. This seems unattractive because it requires one parameter to fall in two mutually exclusive ranges. 

Incorporating the rounding assumption of the priority heuristic, we can take 
[image: image82.wmf], where R represents the rounding to nearest prominent numbers (integer powers of 10 plus double and half their values: 1, 2, 5, 10, 20, 50, 100, etc). This would yield 
[image: image83.wmf] = $20, $20, $50, $50 for successive choices in both Tables 2 and 3, which would agree with both tables.  Because Brandstätter, et al. (2006) are skeptical of estimation of any parameters from the data, it seems doubtful that they would consider any of these modifications to their theory to be very attractive. 


What can one make of the seemingly “good” fit of priority heuristic to previously published data according to Brandstatter, et al?  Birnbaum (submitted) presented four objections about their contests of fit.  First, Brandstätter et al. (2006) did not analyze a number of phenomena where priority heuristic fails to predict the results.  The priority heuristic model does not account for the observed pattern of violations of restricted branch independence (Birnbaum & Navarrete, 1998).  It cannot account for violations of distribution independence (Birnbaum, 2005; Birnbaum & Chavez, 1997).  It fails to predict violations of stochastic dominance in cases where 70% of participants violate it (Birnbaum, 1999; 2005; Birnbaum & Navarrete, 1998) and it fails to predict satisfactions of stochastic dominance in cases where 90% or more satisfy it. It does not account for systematic violations of upper and lower cumulative independence (Birnbaum, 1999; 2004b; Birnbaum & Navarrete, 1998). 


Second, their contests of fit did not allow parameter estimation to the models that use parameters.  Parametric models do not assume that everyone has the same parameters nor do they assume that every experiment will induce the same parameters. For example, both CPT and TAX can perfectly fit the Kahneman and Tversky (1979) data if they are allowed to estimate a parameter representing the exponent of the utility function from those data.  Because those data can be fit perfectly by TAX, CPT, and PH, those data are simply not diagnostic. The conclusion of Brandstätter et al (2006) that the data fit better for PH than CPT or TAX is strictly based on use of parameters estimated from other data and extrapolated to those data.


Third, global indices of fit can be systematically misleading when comparing the success of models (Birnbaum, 1971; 1974) when we do not allow a model to estimate its scales and parameters from the data.  A closer look at the data that were treated in Brandstätter, et al shows that the priority heuristic makes systematic errors in predicting the data of Tversky and Kahneman (1992) and Mellers, et al. (1992).

The method of analysis in Brandstätter et al (2006) contains an additional problem: they used one index of fit to optimize certain models, and then compared models on another index.  The parametric models are usually fit with least squares or maximum likelihood, whereas heuristic models may be devised to maximize percent correct.  A least-squares solution does not necessarily produce the highest percentage of correct predictions.  When we compare models based on percentage correct, we should use that criterion to optimize fit in both cases.

When one analyzes only success in predicting modal choices, one can miss quite a lot of useful information.  For example, by counting individual choices in Table 2, we might say that 75% of the modal choices were correctly predicted by the priority heuristic, and 100% were correctly predicted by TAX.  However, when we examine response patterns of individuals, in Table 4, we see that only 6% of the participants showed the pattern (combination) of responses predicted by the priority heuristic and 80% show the pattern predicted by the TAX model.  Although they aspects of the same data, they contain different information and convey different impressions of the relative merits of the models.

A better way to test models than by computing global indices of fit to selected data is to examine their implications, especially when those implications are different.  Birnbaum (submitted) noted that the family of LS models implies priority dominance, implies no dimension integration, no dimension interaction, and violates transitivity.  The transitive, integrative models like TAX, CPT, and GDU, on the other hand violate priority dominance, show both dimension integration and interaction, and satisfy transitivity.  Birnbaum reported four tests of dimension integration involving all pairs of dimensions in two-branch gambles, including a test of probability and highest consequence, probability and lowest consequence, and lower and upper consequences.  All tests showed systematic evidence that people are integrating each pair of dimensions.  He also reported tests of dimension interaction showing evidence of a multiplicative relation between probability and prize. 

The priority heuristic and LS models imply that most people should be systematically intransitive in certain situations where the EV are nearly equal, as in Tversky’s (1969) study.  But Tversky (1969) never claimed that the majority were intransitive, only that some people can be pre-selected from a preliminary study who continue to violate transitivity in a follow-up study.  Tversky’s selected data have been reanalyzed, with the result that not all analyses conclude that anyone was significantly intransitive in his study (For contrasting analyses and arguments, see papers by Iverson & Falmagne, 1985; Iverson, Myung, & Karabatsos, 2006; Regenwetter & Stober, 2006).  

Birnbaum and Gutierrez (2006) conducted a study in which people were asked to choose between the same gambles used by Tversky, except using procedures like those used in most of the studies summarized by Brandstätter, et al. (2006).  Whereas Tversky (1969) used pie charts to represent probability and did not present probability information numerically, Birnbaum and Gutierrez presented both probability and prizes numerically.  They found that modal choices were perfectly consistent with transitivity.  Using a true and error model, they estimated that fewer than 5% of individual participants were likely intransitive.  These findings fail to confirm the predicted pattern of intransitive behavior that people should use according to the priority heuristic model.

The present study included a replicated test of transitivity (Table 6).  Three of the LS models (in which the lowest payoff has priority over the highest payoff) predict violations in this case, assuming 
[image: image84.wmf]. According to these models, people should prefer A to B, B to C, and C over A.  Table 6 shows that in both replicates (counterbalanced for position), most people preferred A over C, contrary to this prediction.  

Table 7 shows the number of people who showed each response pattern in this test of transitivity.  When probabilities are fit to the “true and error” model, which allows all eight response patterns, the estimated “true” probabilities of intransitive cycles was zero, and the estimated percentage of people who appear to conform to ordering predicted by the TAX model with prior parameters was 80%. 

Insert Tables 6 and 7 about here.
The priority heuristic coincides with these LS models if it were assumed that the aspiration level, 
[image: image85.wmf] is $10 in all three choices of Table 6.  However, if 
[image: image86.wmf] = $5 in Choice 3 instead, then priority heuristic is wrong on two of the three modal choices in Table 6, since it would then predict that the majority should have chosen C over B in Choice #3.  In fact, only 17% showed this preference on that choice and 7% are estimated to show this transitive order predicted by the priority heuristic. Birnbaum (submitted) summarizes other tests for intransitivity predicted by LS and priority heuristic; none of them show evidence that more than six per hundred are intransitive. In summary, studies do not confirm that the majority of participants show systematic violations of transitivity as predicted by the priority heuristic or the lexicographic semi-orders.

In summary, this paper contributes to the growing case against the priority heuristic as a descriptive theory of risky decision making.  It shows that most people appear to integrate information, contrary to the family of lexicographic semi-orders.
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Table 1.  Test of Dimension Integration.  Six variants of Lexicographic Semiorder model make different predictions. 

Choice

Choice Models

No.
Risky (0)
Safe(1)
% S
LH1
LH2
LH3
HL1
HL2
HL3
TAX
LS Mixture

1
50 to win $60

50 to win $0
50 to win $50

50 to win $50
88
1
1
0
0
1
1
1

[image: image87.wmf]

2
50 to win $60

50 to win $30
50 to win $50

50 to win $50
72
1
0
0
0
1
1
1

[image: image88.wmf]

3
50 to win $95

50 to win $0
50 to win $50

50 to win $50
72
1
1
0
0
0
1
1

[image: image89.wmf]

4
50 to win $95

50 to win $30
50 to win $50

50 to win $50
27
1
0
0
0
0
1
0


Notes: LH refers to Lexicographic Semi-order model in which lowest consequence is considered first; HL refers to LS model in which highest consequence is considered first. TAX refers to the transfer of attention exchange model with parameters from previous data; 0 = predicted preference for the risky gamble, R; 1 = predicted preference for the “safe” gamble, S. In LH1, LH2, and LH3, 
[image: image90.wmf], 
[image: image91.wmf], and 
[image: image92.wmf], respectively. In HL1, HL2, and HL3, 
[image: image93.wmf], 
[image: image94.wmf], and 
[image: image95.wmf], respectively. Let a, b, and c be the probabilities that LH1 or HL3, LH2, and HL2 are sampled, respectively. 

Table 2. ADL Series A Test of Dimension Integration (n = 260).

Choice No.
Choice
Replication Pattern

Parameter estimates


Risky (R)
Safe (S)
RR
RS
SR
SS
% S
p
e

19
50 to win $51

50 to win $0
50 to win $50

50 to win $50
7
13
8
232
93
0.973
0.043

23
50 to win $51

50 to win $40
50 to win $50

50 to win $50
14
26
40
180
82
0.956
0.152

9
50 to win $80

50 to win $0
50 to win $50

50 to win $50
28
34
17
181
79
0.879
0.116

5
50 to win $80

50 to win $40
50 to win $50

50 to win $50
177
22
43
18
19
0.065
0.153

Notes: Choices 20, 13, 16, and 12 were the same as 19, 23, 9, and 5, respectively, except that the positions of “safe” and “risky” gambles were reversed and the “safe” gamble was always ($51, 0.5; $49, 0.5) instead of ($50, 0.5; $50, 0.5), and $51 in the “risky” gamble was replaced by $52, and $80 was replaced by $82; $0 and $40 stayed the same.

Table 3. ADL Series B Test of Dimension Integration (n = 260).

Choice No.
Choice
Replication Pattern

Parameter estimates


Risky (R)
Safe (S)
RR
RS
SR
SS
% S
p
e

11
50 to win $60

50 to win $0
50 to win $50

50 to win $50
14
18
9
219
89
0.94
0.06

22
50 to win $60

50 to win $30
50 to win $50

50 to win $50
33
39
26
162
75
0.85
0.15

7
50 to win $95

50 to win $0
50 to win $50

50 to win $50
44
30
30
156
72
0.79
0.13

4
50 to win $95

50 to win $30
50 to win $50

50 to win $50
147
42
35
36
29
0.17
0.18

Notes: Choices 15, 17, 2, and 18 were the same as 11, 22, 7, and 4, respectively, except that the positions of “safe” and “risky” gambles were reversed and the “safe” gamble was always ($52, 0.5; $48, 0.5) instead of ($50, 0.5; $50, 0.5), and $60 in the “risky” gamble was replaced by $59, and $95 was replaced by $89; $30 was replaced by $31, and $0 stayed the same.

Table 4.  Tests of Dimension Integration. Series A Test (n = 260), Choices #19, 23, 9, and 5, labeled “Rows”. Data under “columns” refers to the reflected Choices #20, 13, 16, and 12, respectively, and “both” indicates the same pattern was repeated (See Table 2).


Response Pattern
Number of people showing each pattern
Estimated probability


v19

v20
v23

v13
v09

v16
v05

v12
Rep_1
Rep_2
Both


RRRR
0
0
0
0
1
6
1
0.03

RRRS
0
0
0
1
1
6
1
0.01

RRSR
0
0
1
0
6
3
0
0.02

RRSS
0
0
1
1
0
0
0
0.00

RSRR
0
1
0
0
3
4
0
0.01

RSRS
0
1
0
1
1
1
0
0.00

RSSR
0
1
1
0
2
0
0
0.00

RSSS
0
1
1
1
1
0
0
0.00

SRRR
1
0
0
0
13
4
0
0.00

SRRS
1
0
0
1
0
1
0
0.00

SRSR
1
0
1
0
26
14
4
0.02

SRSS
1
0
1
1
7
6
0
0.00

SSRR
1
1
0
0
20
36
6
0.04

SSRS
1
1
0
1
6
4
0
0.00

SSSR
1
1
1
0
149
132
98
0.80

SSSS
1
1
1
1
24
43
9
0.06

Estimated probabilities are fit to the true and error model, with all parameters free.  The estimated error rates were 0.01, 0.13, 0.14, and 0.13 for choices #19, 23, 9, and 5, respectively.  

Table 5.  Tests of Dimension Integration. Series B Test (n = 260).


Response Pattern
Number of people showing each pattern
Estimated probability


v11

v15
v22

v17
v07

v02
v04

v18
First
Second
Both


RRRR
0
0
0
0
9
11
5
0.06

RRRS
0
0
0
1
2
3
0
0.00

RRSR
0
0
1
0
2
3
0
0.00

RRSS
0
0
1
1
2
3
0
0.02

RSRR
0
1
0
0
1
5
1
0.01

RSRS
0
1
0
1
3
1
0
0.01

RSSR
0
1
1
0
2
1
0
0.00

RSSS
0
1
1
1
2
5
0
0.01

SRRR
1
0
0
0
10
12
4
0.04

SRRS
1
0
0
1
6
5
0
0.00

SRSR
1
0
1
0
21
31
6
0.04

SRSS
1
0
1
1
7
4
0
0.00

SSRR
1
1
0
0
40
30
13
0.11

SSRS
1
1
0
1
3
7
0
0.00

SSSR
1
1
1
0
97
96
52
0.52

SSSS
1
1
1
1
53
43
24
0.20

Estimated probabilities are fit to the true and error model, with all parameters free.  The estimated error rates were 0.03, 0.15, 0.13, and 0.15 for choices #11, 22, 7, and 4, respectively.  

Table 6. ADL Series C Test of transitivity (n = 260).

Choice No.
Choice
Replication Pattern

Parameter estimates


First (F)
Second (S)
FF
FS
SF
SS
% S
p
e

8
A:  50 to win $100

    50 to win $20
B:  50 to win $60

     50 to win $27
190
23
25
22
18
0.09
0.10

3
B:  50 to win $60

     50 to win $27
C:  50 to win $45

     50 to win $34
140
44
39
37
30
0.17
0.20

21
C:  50 to win $45

     50 to win $34
A: 50 to win $100

    50 to win $20
35
33
20
172
76
0.84
0.12

Notes: Choices 6, 14, 2, and 10 were the same as 8, 3, and 21, respectively, except that the positions of “first” and “second” gambles were reversed.  According to any of three lexicographic semi-orders: LPH, LHP, PLH LS with 
[image: image96.wmf], people should prefer the first gamble in all three rows. This prediction is contradicted by the results in the last row.  According to PH, the majority should prefer A over B, C over B, and C over A, contrary to data in last two rows.  According to TAX, A > B > C. 

Table 7. Test of Transitivity using choices in Table 6. 

Pattern

Observed Frequency
estimatedprobs



Rep_1
Rep_2
Both


ABC
LPH LS
13
21
1
0

ABA
TAX
147
134
106
0.80

ACC
PH
18
20
8
0.07

ACA

37
38
10
0.06

BBC

9
15
0
0

BBA

10
14
0
0

BCC

15
12
7
0.07

BCA

11
6
1
0

Estimated errors for the three choices are 0.10, 0.13, and 0.11, respectively.  The fit of this model yielded, 
[image: image97.wmf](4)  = 5.57, which is not significant, indicating an acceptable fit.  According to this solution, 80% of the participants have the pattern predicted by TAX as their “true” pattern, and no one was intransitive. 
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